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Abstract. An asymptotic formula for the sum ^L(l,x) is established for a family of 
, hyperclliptic curves of genus g over a fixed finite field ¥ q as g — > oo making use of the 

analogue of the approximate functional equation for such L-functions. As a corollary, we 
obtain a formula for the average of the class number of the associated rings ¥ q [T, a/D] • 

< 



1. Introduction 



In his Disquisitiones Arithmeticae [5J, Gauss presented two conjectures concerning the 
average values of the class number associated with binary quadratic forms ax 2 + 2bxy + cy 2 
where a, b, c £ Z. For completeness, clarity and to put our problem in the right context we 
^ \ will restate the Gauss's conjectures. 

^ ■ Let D = 4(b 2 — ac) be the discriminant of the quadratic form ax 2 + 2bxy + cy with D = 0, 1 
(mod 4). Recall that two quadratic forms are equivalent if is possible to transform the first 
form into the second through an invertible integral linear change of variables. So we have 
defined an equivalence relation on the set of quadratic forms and the equivalence classes will 
be called classes of quadratic forms. Gauss showed that the number of equivalence classes 
^ . of quadratic forms with discriminant D is finite. Let ho denote this number, we also call ho 
^ | the class number. We now present Gauss's conjectures quoted from [B] 

C<\ \ Conjecture 1 (Gauss). Let ho be the class number defined as above. So, 
(1) Let D = —4k run over all negative discriminants with k < N. Then 

t!: (L1) £ h °~^k) m - 

j> . l<k<N ^ ' 

• i-H ■ 

^ ■ (2) Let D = Ak run over all positive discriminants such that k < N . Then 

C<3 ! v-^ 47T 2 3 

(1.2) > h D R D ~ r^Nz. 

l<k<N ^ v ' 

Where the number Rd is associated to the regulator of the real quadratic number field 
r D). 



The first conjecture (II. ip was proved by Lipschitz [8] and the second (II. 2p by Siegel [TT] . 
We now will move to the function field analogue of these results and for this let us now define 
some notation that will be used in the rest of this paper. For more details see [61 19]. 
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1.1. Facts about ¥ q [T]. The norm of the polynomial / G ¥ q [T] is defined to be |/| = q dc ^f\ 
and we define the zeta function associated to A = ¥ q [T] by 

(1-3) U')= E T7u' (^)> 1 ) 

/ monic 

and is easy to show that 
(1-4) Us) 



1 - q x ~ 8 

We also define the analogue of the Mobius function for A = ¥ q [T] as follows: 



;i-5) m/) 



■1)*, f = aP 1 P 2 ...P t , 
0, otherwise, 



where each Pj is a distinct monic irreducible polynomial. And the Euler totient function for 
A, denoted by $(/), is defined to be the number of non-zero polynomials of degree less than 
deg(/) and relatively prime to /. 

We will assume from now that q = 1 (mod 4) and let ¥ q be a finite field with q elements. 
We denote by A = ¥ q [T] the polynomial ring over ¥ q and by k = ¥ q (T) the rational function 
field over ¥ q . Let K/k be a quadratic extension and call Ok the integral closure of A in K. 

Consider that D G A is a square-free polynomial and put Ok as Or, = A[-\AD]. So in this 
case, (9d is a Dedekind domain and the associated class number ho is equal to |Pic(0£))|, 
where Pic(C?£>) is the Picard group of Oe>. For a detailed explanation about the Picard group 
in this context see pg. 315]. 

Let D G A be a monic and square-free polynomial. We can define the quadratic character 
Xd using the quadratic residue symbol for ¥ q [T] by 

(1-6) XdU) = (j 

and the associated L-function by 

(1-7) ^.X D )= E 

/ monic 

Now, using [U Proposition 4.3] we have L(s, xd) is a polynomial in u = q~ s of degree at 
most deg(D) — 1. 

Hoffstein and Rosen |S] succeeded in calculating the average value of the class number hp 
when the average is taken over all monic polynomials D of a fixed degree, they showed that: 



Theorem 1 (Hoffstein and Rosen). Let M be odd and positive. Then, 

D monic 
deg(D)=Af 



1 ^ Ca(2) M=l _! 

D monic y 



The theorem above can be seen as the function field analogue of the Gauss's conjectures. 
A problem which is more difficult and we consider in this paper is to average the class 
number over fundamental discriminants, i.e., D monic and square-free. We should note 
that the calculations presented in this paper follows the same philosophy of the calculations 
firstly presented by Faifman, Kurlberg and Rudnick in [U [71 [10] , where we fix the number of 
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elements of the finite field and compute the limit as deg(-D) — > oo to obtain our asymptotic 
formulas. 

2. Statement of Results 
The main objective of this paper is to establish an asymptotic formula for 

(2.1) £ h D , 

as deg(-D) — > oo. Where hp is the associated class number and "H 29+1,9 denotes the following 
set, 

(2.2) = {D monic, deg(D) =2g+l, D square free, D G A}. 
The number of elements in T-L2 g +i, q is given by, 

(2.3) #n 29+1 , q = (q-l)q 29 
as can be seen using [91 Proposition 2.3]. 

2.1. The Geometric Viewpoint. As we said earlier, the class numbers hp is equal to 
the I Pic (Ob) |, where Pic(0 D ) is the Picard group of Op. But we should also note that if 
D G H2 g +i,q, then the equation y 2 = D{T) defines a hyperelliptic curve Co over ¥ q of genus 
g and the number hp is closely related to the set of the F g -rational points on its Jacobian, 
Jac(C£>), and so our result also has a geometric appeal. We will now develop this geometric 
side and then state our results. 

The zeta function of the curve Co over ¥ q is a rational function as shown by Weil [12j . 

where Pc D {u) is a polynomial of degree 2g with coefficients in Z. Making use of [9j Proposi- 
tion 14.6 and Proposition 17.7], we can show that the zeta function of the curve Co is given 
by 



(2.5) Z Cd (u) 



m)(1 — qu) 



where C(u, xd) = L(s, \d) is the L-function associated with the quadratic character as given 
in ( II. 7p . We have C(u, Xd) satisfies the following functional equation 

(2.6) C(u,x D ) = (qu 2 ) 9 c(— , X d), 

as can be seen from [91 Theorem 5.9]. This allows us to state and prove a lemma which will 
be the starting point of the main calculations of this paper. 

Lemma 1. If D G "H 29+1,9 we have that L(s,xd) can be expressed as follows 

(2.7) L(s, XD )= £ *M +(,-*). £ Xfljg. 

/l monic /2 monic 

deg(/i)<g deg(/ 2 )<g-l 
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Proof. Using the ideas presented by Conrey et.al. in [3] we substitute C(u, xd) = YlnLo a n u n 
into the functional equation ( 12. 6 j) 



n=0 m=0 ' 

a m q 9 - m u 2 °- m = a 2g - k q k -hi k . 



m=0 k=0 



Therefore, 



2g 2g 

^2a n u n = ^a 2g - k q k ~ g u k . 

n=0 k=0 

Equating coefficients we have that 



a n = ci2g-nq n 9 or a 2g - n = a n q 9 n 



and so we can write the polynomial C(u, xd) a s 

2g g g-i 

= ^a n u n + ^a 2 g-mU 29 ' m 

n=0 n=0 m=0 

9 9-1 

(2.8) = ^ay + ^^a^-V™ 

n=0 m=0 

Writing a n = Xd{J) and w = g" 1 / 2 in (12. 8p proves the lemma. □ 

/ monic 
deg(/)=n 

With this in mind we are ready to state our main results. 
Theorem 2. Let ¥ q be a fixed finite field with q = 1 (mod 4). Then 

£ *<1.Xd) = \D\{P(2)-P(1) (' + ' /2] 

D^V.2g + l,q 

(2.9) + 0((2q)°), 
where \D\ = q 2g+l and 

(2.10) p( S )= n 

P monic 
irreducible 

As a corollary of the Theorem [2] we have, 
Corollary 1. 

(2.H) E £(1,Xd)~Ca(2)P(2) 

as deg(-D) — > oo, i.e., g — > oo. 

Proof. Using the Theorem [2] together with ( 12. 3D and computing the limit as g — > oo we can 
conclude the asymptotic formula above. □ 

To obtain a formula for the average of the class number hp we will make use of the 
following theorem due Artin [2]. 



am i)i^i 
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Theorem 3 (Artin). Let D G A be a square-free polynomial of degree M. Then if M is odd 
we have, 

(2-12) L{1, X d) = -^j=hD. 

We now have all the ingredients to obtain an asymptotic formula for the average of the 
class number hp- 

Theorem 4. Under the same hypothesis as in Theorem^ we have, 

(2-13) — ± Y, ^ ~ ^Ca(2)P(2), 

as deg(D) — >■ oo. 

Proof. Straightforward by making use of the Corollary [T] and Theorem [3J □ 



3. Preliminary Lemmas 

We will require some auxiliary lemmas. Firstly, we will begin by stating a result due to 
Faifman and Rudnick [I]. 

Lemma 2 (Faifman-Rudnick) . Let x be a nontrivial Dirichlet character modulo D. Then 
for n < deg(-D), 



(3.1) 



B monic 
deg(B)=n 



£ ( deg(fl) - IN „ /2 



We now prove a bound for non-trivial character sums using the Lemma [2J which is a 
consequence of the Riemann Hypothesis for function fields. 

Lemma 3. We have that, 
(1) 

(3-2) £ E<T" E XD(/)«(2g)*. 

D£H2 g +i,q n=0 f monic 

deg(/)=n 

(2) 

5-1 

(3-3) q~« E E E XD{f)<^{2qy. 

D&H2 g +i, q m=0 / monic 
deg(/)=m 
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Proof. We will establish the Part (1) of this Lemma. For Part (2) we have that the proof is 
analogous. We start with 

(3-4) E ET" E Xn{f) 

f 6% 9 +i,, n=0 f monic 



deg(/)=m 



E«~" E E E ^) j 

n=0 / monic D monic A monic 

deg(/)=n dcg(D)=2g+l A 2 |L> 

£ 5 - E E ^)fjV E 



n=0 f monic A monic 

deg(/)=n deg(A)< 9 



B monic 
dcg(B)=2 S +l-2deg(yl) 



Now we note that (B/f) is a nontrivial character since / ^ □. So we can invoke the Lemma 
[2] to get the following bound 



(3.5) 



V (-\ <( deg ^) _1 V 9 +|-dc g (A) 

^. V/y " V2^ + l-2deg(A) q 



B monic 
dcg(B)=2g+l-2deg(A) 



if 2g + 1 — 2deg(A) < deg(/), and the sum is zero otherwise. So we have, 



E Et" E xM) 

D£H2g+i,q n=0 f monic 

deg(/)=n 
/¥□ 

<E'"" E E »w 

n=0 / monic A monic 

deg(/)=n deg(A)<g 



E 



B monic 
deg(B)=2 S +l-2deg(A) 



< Y%" n V" ( de S(/) _1 V 9 +|-deg(A) 



n=0 / monic 1 deg(/) A monic 
deg(/)=ni=9+2~ 2 — de §( A )=i 



<«•£«-* E E 

n=0 f monic . i deg(/) 

deg(/)=n i=9+2~ 2 



deg(/) - 1 
2g + 1 - 2j 



< <f E E s^^- 1 = ^E 2n « ^ 29 - 



n=0 / monic 

deg(/)=n 



n=0 



□ 



We now state and prove our next two lemmas. 
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Lemma 4. For \D\ — q 2g+1 we have, 



w 

monic P monic 

dcg(d)>[g/2l irreducible 



Proof. 



\d\ y 1 < \d\ y — tt— 

11 ^ |rf| 2 11 p +i - 11 ^ Ml 2 11 1^1 

d monic P\d d monic P\d 

deg(d)>[p/2] dcg(d)>[g/2] 

= \d\ <f 2h < i^i^ 3 

h>[g/2] 



□ 



Lemma 5. VFe /icwe, 



|D| ^ nWjj 1 fg- des(d) 



Ca(2) ^ Irfl 11 IPI + l V l - g" 1 

SAV ; d monic 1 1 P\d 1 1 V ^ 

dcg(d)<[ 9 /2] 



P monic 
irreducible 



D l II I 1 ' np l + 1)W )+°^ 



Proof. 



Ca(2) ^ \d\ 11 IPI + 1 V 1 - g- 1 

SAV * d monic 1 1 P\d 1 1 V y 

deg(d)<[ 5 /2] 

1 1 ^ d2ll p + i i i Z_> d 2 LL P +1 

d monic P\d d monic P\d 

deg(d)>[ 9 /2] 

Writing the sum over all monic polynomials d as an Euler product and using the Lemma H] 
in the sum over d such that deg(rf) > [g/2] we obtain the desired lemma. 

□ 

Using the same ideas used in the proof of Lemmas H] and [5] we can also prove the following 
lemmas. 

Lemma 6. We have, 

(i) 

d monic P\d 
deg(d)>[ 5 /2] 

(2) 

(3 ' 10) a(2)(i-g) ^ ^I1^TT«^ 

SAV A d monic I I p u I I 1 

deg(d)>[( ff -l)/2] 
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Lemma 7. We have, 
(1) 

(311) M. V Mtt^— 

V AL ) c (2) 2^ | d) il|p| + i Vl-r 1 

^ v ' d monic 1 1 Pd 1 1 V 
dcg(d)<[g/2] 



= TT fl ^ + 0(q 9 ). 

(2) 



P monic 
irreducible 



V A2 > Ca ( 2 ) 2^ | d | ll|P| + l ^ i_ g 

S/1V y d monic 1 1 P d 1 1 V H 

deg(d)<[( ff -l)/2] 

\ D \ q -g q [(g-l)/2]+i 



irreducible 



We present now our last lemma, 
Lemma 8. We have, 

< 3 - 13 > dii^y £ "MI1^tt«^ 

S/U yV H > d monic Pd 1 1 

deg(d)<[(g-l)/2] 

Proof. We have that, 

d monic P d d monic 

deg(d)<[(3-l)/2] deg(d)<[(ff-l)/2] 

« |£>|<f - l)/2] + 1) 

4. The Main-Term 



□ 



The main result of this section is the following proposition, which will be used to establish 
the Main- Term of Theorem [21 

Proposition 1. 

(D,0=1 

We will need the following lemmas: 
Lemma 9. Let = {D £ Fjx] : -D monic, deg(.D) = d}. Then, 

(4.2) #{DeV d :(D,l) = l} = q a 



Ml) 
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Proof. 

#{DeV d :(D,l) = l} = E 1= E Z>W 

D monic D monic h\(D,l) 

dcg(D)=d dcg{D)=d 
(D,l)=l 

= £/*(*) £ i = Z>eo E 1 

h|i -D monic m monic 

dcg(D)=d dcg(m)=d— degh 



( 4 - 3 ) = ^nf 1 -^ 



p 



where we used Proposition 2.4] in (14. 3p . 
Lemma 10. We have, 

(4.4) E W««" 1/2 ^- 

Q monic 
deg(Q)>^i 

(O,0=i 

Proof. 

y- Mg) < \- J_ 

Z_> IQI2 - IQI2 

Q monic Q monic 

deg(Q)>2£+i deg(Q)> 22+i 

(0,0=1 (0,0=1 

(4.5) = £ -U<T"V». 



Lemma 11. We have that, 

(4.6) V ^91 = — - + Oiq-Wq-*). 

\Q\ 2 Ca(2) IIpuCi - i/|P| 2 ) [q q } 



Proof. 



Q monic 
deg(Q)<22+i 

(0,0=1 



\ - n{Q) t^91. V 

^ igi 2 ^ igi 2 ^ igi 2 

Q monic Q monic Q monic 

deg(Q)<^±i (Q,0=1 deg(Q)>22±4 

(0,0=1 (0,0=1 

<«) -n(i-nL)- E # 



,^lv ^ \Q\' 

P\l v ii/ Q monic 1 ^ 1 

dcg(Q)>^ti 

(0,0=1 
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and 



1 



(4-8) 
Thus, 



\p\2 111 |p|2illV 

P\l v 11/ p V I I / p|; V II 

1 1 



urn il^i-i/to" 

MQ) i v- MQ) 



(49 ) V ^Z = ^ * V 

deg(Q)<2^ti deg(Q)>2tLl 
(Q,/)=i (<9,0=l 
and using the estimate of Lemma [TOl proves the result. 

Proof of Proposition [7]. We have that 

E 1 = E £a*(o)= E a*(Q) E 1 

DeH2g+i, q D&V2 a +\ Q 2 \D Q monic ^ , SV2 9 +i-2deg(Q) 

(£>,I)=1 (D,0=1 deg (Q)<2£±i (DjZ)= i 

(Q,/)=l 

(4.10) = KQ)#{DeV 2g+1 ^ deg(Q) :(D,l) = l}. 



monic 
29+1 



dcg(Q)< 
(Q,Q=1 



By Lemma [HI we have, 



E 1 = E MQ)^ +1 ' 



2dcg(Q) 



$(/) 



D£H2g+i,q Q monic 

(D,l)=l dcg(Q)<29±i 

(Q,l)=l 



IQI 2 

Q monic 1 1 
deg(Q)<22+i 

(O,0=i 



Invoking Lemma [TT] we obtain 

Mi 



S 1 - '^(^lw^w) +0( '" I/Vs) 



D€H2g + l 

(D,l)=l 



< 4 - 12 > - |J| ra iL.,(i-i/im +0 ( |J| ^'' 

and using — yp = J^[(l — l-Pl" 1 ), we end up with 

' ' p\i 



(o,0=i 

which proves Proposition [TJ 
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5. Proof of the Theorem 2 

Our argument in this section follows closely pp. From (12. 7ft . our main goal is to obtain an 
asymptotic formula for 



(5.1) L ^Xd) 
Den 2g+ i, q 

= E E E *>(/)«-+«-• E E E *>(/)■ 

Da'H.2g+l,q n=0 f monic Da'M.2g+i,q m=0 f monic 

deg(/)=n deg(/)=m 



We begin by establishing an asymptotic formula for the first term in the right-hand side 

of (ED. 



( 5 - 2 ) E E E x D (/)<r n 

DGM.2g+\,q n=Q f monic 
deg(/)=n 

= £»-" E E xo(f)+± q -" £ £ *,c/) 

n=0 D£'H.2 g +i,q f monic n=0 D£H2g+i,q f monic 

deg(/)=n deg(/)=n 

f=l 2 /#□ 



Making use of the first part of Lemma [3] we can write f 15 . 2 j) as 



( 5 - 3 ) E E E x»(/)?~ B = I>~ B £ £ xd(/) + 0((2^ 

D£ r H.2g+i,q n=0 f monic n=0 D£'H.2g+i : q f monic 

dcg(/)=ra deg(/)=n 

f=l 2 



For the square terms / = I 2 we make use of Proposition [T] and we end with 
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( 5 -4) E? _B E E 

n=0 D£H2g+i,q f monic 

deg(/)=n 

l nl lf/ 2 l 



E*- E ^n^+o^ 2 ) 



a(2)^ y ^ |d| 

I m=0 d monic 1 1 P\d 

deg(d)<m 



DA - e #nn^rf (rl)d,8 '::r )M+1 )^ 



Ca(2) ^ Idl 11 IPI + 1 V 1 -q- 1 

SAK ' d monic 1 1 Pd 1 1 
deg(d)<[g/2] 

|D| fl(d) -|-r 1 fq- dc s(d) 

1^ Ul 11 



Ca(2) ^ Ml 11 IPI + 1 VI - a" 1 

SAV y d monic 1 1 P\d 1 1 V ^ 



dcg(d)<[ff/2] 



Ca(2) ^ Idl AA |P| + 1 V 1 -?" 1 

S/1V ' d monic 1 1 P\d 1 1 V * 

deg(d)<[ g /2] 

Now for the first term of (15.41) we can use Lemma [5] and for the second term we can use 
Lemma [7] and so we end up with the following formula for the square terms, 



( 5 - 5 ) X>~" E E Xn(f) = \D\ J] (l- | m ip| + 1) ) 



n=0 D(zH.2g+\,q / monic P monic 

deg(/)=n irreducible 

f=l 2 



- \D\q-^' 2 ^ 1 TT (l - 1 

1 1 AL v p\(p\+i)j 



0{f). 



P monic 
irreducible 



Substituting (15 .5ft in (15 .3p we have that, 



M) E E E xn{f)<r = \D\ n ^- imipi+i) ) 



Da'M.2g+i q n=0 / monic P monic 

deg(/)=n irreducible 



- iDlq-^- 1 TT ( 1 - 1 



0((2qY). 



P monic 
irreducible 



For the second term in the right-hand side of ( 15. 1ft we mimic the calculations above to 
end with, 
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( 5 - 7 ) <T 9 E E E 

D&V.2g+i, q m=0 f monic 
deg(/)=m 

Ca(2) ^ |d| 11 |P| + 1 ^ 9 

^ ^? niC iwo! P \ d deg(d)<n<[( ff -l)/2] 

deg(d)<[(fl-l)/2] 



+ 0(g [( ^ 1)/2] ) + 0((2g)^ 



1^ Ul 11 



0(2) ^ |d| 11 |P| + 1 V l-o 

SAV y d monic 1 1 Pd 1 1 V ^ 

deg(d)<[( 9 -l)/2] 



d monic Pld 
deg(d)<[( 9 -l)/2] 

where the error 0((2q) 9 ) arises when we consider / ^ □ and using part 2 of Lemma [3l 

For the first term in (15.71) we use the bound given in Lemma M and for the second term 
we have, 



\D\r a sr 1 fq [{9 - 1)/2]+1 



Ca(2) ^ Idl A , A |P| + 1 V 1-q 

d monic 1 P d 1 v ^ 

deg(d)<[( S -l)/2] 



|D|g- g / V- TT 1 / g[(g~ 1 )/ 2 ]+ 1 

C42) l^nic H U|P|+A 



d monic P|d 

//(d) TT 1 fq^~m]+^ 



Ci(2) 

And we can use part 2 of the Lemma [7J and so we have that 



Idl AA |P| + 1 V 1-9 

, d monic 1 1 Pld 11 v 

\deg(d)>[(g-l)/2] 



(r q\ I^l9" 9 V- Md)TT 1 ^t( S -D/2]+l 



Ca(2) ^ Idl 11 |P| + 1 V 1-9 

d monic 1 1 P d 1 1 V ^ 

deg(d)<[( S -l)/2] 



\ D \ q -gJ(9-iy2]+l 

II ^-raTipnnr + 



U2)d-«) piLV IW + i) 

irreducible 



14 



JULIO C. ANDRADE 



So we can conclude that, 
9-1 

(5.10) q-' E E 

D£H2g+i, q m=0 f monic 
deg(/)=m 



mu-s g [(s-i)/2]+i 

(T^T 

irreducible 



n '- IM pu» +°« 2 ") 



Putting together the equations (I5.6P and (15. 10p and factoring \D\ we have that the proof 
of Theorem [2] is complete. 

□ 
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